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This paper considers Bayesian nonparametric estimation of con-
ditional densities by countable mixtures of location-scale densities
with covariate dependent mixing probabilities. The mixing proba-
bilities are modeled in two ways. First, we consider finite covariate
dependent mixture models, in which the mixing probabilities are pro-
portional to a product of a constant and a kernel and a prior on the
number of mixture components is specified. Second, we consider ker-
nel stick-breaking processes for modeling the mixing probabilities. We
show that the posterior in these two models is weakly and strongly

consistent for a large class of data generating processes.

1. Introduction. Estimation of conditional distributions is an important problem in em-
pirical research. There are two alternative approaches to modeling conditional densities in the
Bayesian framework. First, the conditional distributions of interest can be obtained as a byprod-
uct of the joint distribution estimation. Second, the conditional distribution can be modeled
directly and the marginal distribution of the covariates can be left unspecified. Bayesian non-
parametric modeling of densities involves specifying a flexible prior on the space of densities.
Widely accepted minimal requirement for such priors is posterior consistency (see Ghosh and
Ramamoorthi (2003) for a textbook treatment). The theory of posterior consistency for (uncon-
ditional) density estimation is well developed. However, if only conditional density is of interest
modeling marginal distribution of covariates is an unnecessary complication. While there are
many proposed methods for direct conditional density estimation, their consistency properties
are largely unknown. We address this gap in the literature by demonstrating consistency for

Bayesian nonparametric procedures based on countable mixtures of location-scale densities with
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covariate dependent mixing probabilities. The mixing probabilities are modeled in two ways.
First, we consider finite covariate dependent mixture models, in which the mixing probabilities
are proportional to a product of a constant and a kernel and a prior on the number of mixture
components is specified. Second, we consider kernel stick-breaking processes of Dunson and Park
(2008) for modeling the mixing probabilities. We show that the posterior in these two models is
weakly and strongly consistent for a large class of data generating processes. Below, we provide
a more detailed overview of the literature and our contribution.

Practical Bayesian nonparametric approaches to density estimation are mostly based on mix-
tures of distributions.! A commonly used prior for the mixing distribution is the Dirichlet
process prior introduced by Ferguson (1973). Markov Chain Monte Carlo (MCMC) estimation
methods for these models were developed by Escobar (1994) and Escobar and West (1995) who
used Polya urn representation of the Dirichlet process from Blackwell and MacQueen (1973)
(see Dey et al. (1998) for a more extensive list of references and applications). An alternative
approach to modeling mixing distribution is to consider finite mixture models and define a prior
on the number of mixture components (references on finite mixture models can be found in a
comprehensive book by McLachlan and Peel (2000)).

A general weak posterior consistency theorem for density estimation was established by
Schwartz (1965). Barron (1988), Barron et al. (1999), and Ghosal et al. (1999) developed the-
ory of strong posterior consistency. The latter authors demonstrated that the theory applies
to Dirichlet process mixtures of normals, which is often used in practice. Tokdar (2006) re-
laxed some of their sufficient conditions in the Dirichlet process mixture of normals context.
An alternative approach to consistency was introduced by Walker (2004). Ghosal and Tang
(2006) used this approach to obtain posterior consistency for Markov processes. Zeevi and Meir
(1997), Genovese and Wasserman (2000), Roeder and Wasserman (1997), and Li and Barron
(1999) also obtained approximation and classical and Bayesian consistency results for mixture
models. Posterior convergence rates for mixture models were obtained by Ghosal et al. (2000)
and Kruijer et al. (2010) among others. Wu and Ghosal (2010) and Norets and Pelenis (2009)
considered consistency in estimation of multivariate densities.

Muller et al. (1996), Roeder and Wasserman (1997), Norets and Pelenis (2009), Taddy and
Kottas (2010) suggested obtaining conditional densities of interest from joint distribution esti-

mation. MacEachern (1999), De Iorio et al. (2004), Griffin and Steel (2006), Dunson and Park

!There is also mostly theoretical literature on Gaussian process priors for density estimation, see, for example,

Tokdar and Ghosh (2007) and van der Vaart and van Zanten (2008).
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(2008), and Chung and Dunson (2009) among others developed dependent Dirichlet processes in
which conditional distribution is modeled as a mixture with covariate dependent mixing distri-
bution and possibly covariate dependent means and variances of the mixed distributions. There
are alternative approaches to modeling conditional distributions directly that are based on fi-
nite covariate dependent mixtures known in the literature as mixtures of experts and smoothly
mixing regressions (Jacobs et al. (1991), Jordan and Xu (1995), Peng et al. (1996), Wood et al.
(2002), Geweke and Keane (2007), Villani et al. (2009), and Norets (2010)).

Posterior consistency results for direct conditional density estimation are scarce. Norets (2010)
shows that large nonparametric classes of conditional densities can be approximated in the
Kullback-Leibler distance by three different specifications of finite mixtures of normal densities:
(i) only means of the mixed normals depend flexibly on covariates, (ii) only mixing probabili-
ties depend flexibly on covariates, and (iii) only mixing probabilities modeled by multinomial
logit model depend on covariates. Schwartz (1965) theory suggest that these Kullback-Leibler
approximation results imply posterior consistency in weak topology norm. Pati et al. (2010)
specify dependent Dirichlet processes that are similar to the specifications (i) and (ii) of Norets
(2010) and demonstrate weak and strong posterior consistency. They use Gaussian processes to
specify flexible priors for mixing probabilities (for specification (ii)) and means of normals (for
specification (i)).

Relative to these two papers our contribution is fivefold. First, we generalize Kullback-Leibler
approximation results from Norets (2010) to finite mixture specifications in which mixing prob-
abilities are proportional to a general kernel multiplied by a constant. We will call such mixture
specifications by kernel mixtures (KM). Second, we prove weak and strong posterior consistency
for kernel mixtures combined with a prior on the number of mixture components. Third, we
show that kernel stick breaking processes introduced by Dunson and Park (2008) can approxi-
mate kernel mixtures. Fourth, we obtain weak and strong posterior consistency results for the
kernel stick breaking mixtures. Fifth, our weak and strong posterior consistency results hold for
mixtures of general location-scale densities.

While approximation and weak posterior consistency results for kernel mixtures could be
anticipated from the results of Norets (2010), the approximation and consistency results for
kernel stick-breaking mixtures seem to be novel. We show that it is not necessary to use fully
flexible in covariates components in the stick-breaking process as in Pati et al. (2010) and

it is sufficient to use kernels instead, which are fixed known functions that depend on finite
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dimensional location and scale parameters.

The regularity conditions on the data generating process we assume in proving weak and
strong posterior consistency are very mild. Assumptions about the prior for the location and
scale parameters of the mixed densities employed in showing strong posterior consistency are
similar under both types of mixing. Standard normal prior for locations and inverse gamma for
squared scales satisfy the assumptions. Although the parameters entering the mixing probabil-
ities under two types of mixing are the same, the priors on these parameters might have to be
different in the two models if the strong posterior consistency is desired. For kernel mixtures
there are no restrictions on the prior for constants multiplying the kernels. For stick breaking
mixtures these constants are assumed to have a prior that puts more mass on values close to 1.
The prior for locations of the mixing probability kernels is not restricted under both types of
mixing.

The organization of the paper is as follows. Section 2 defines weak and strong posterior
consistency for conditional densities and present general theoretical results that are used later
in the paper. Posterior consistency results for kernel mixtures are given in Section 3. Section 4

covers kernel-stick breaking mixtures. Section 5 concludes.

2. The notion of posterior consistency for conditional densities. Consider a product
space Y x X, Y C Rand X C R¥™. Let F = {f : Y x X — [0,00), [y f(y|z)dy = 1} be the
set of all conditional densities on Y with respect to Lebesgue measure. Let us denote the data
generating density of covariates x with respect to some generic measure v by f§i(z) and the data
generating conditional density of interest by fo € F. The joint probability measure implied by
fo and f§(x) is denoted by Fp.

To define a notion of posterior consistency we need to define neighborhoods on the space
of conditional densities. Previous literature on Bayesian nonparametric density estimation em-
ployed weak and strong topologies on spaces of densities with respect to some common domi-
nating measure. Quite general weak and strong posterior consistency theorems were established
(Schwartz (1965), Barron (1988), Barron et al. (1999), Ghosal et al. (1999), and Walker (2004)).
It is possible to use these results if we define the distances between conditional densities as the
corresponding distances between the joint densities, where the density of the covariates is equal
to the data generating density fj(x). For example, a distance between conditional densities

f1, fo € F that generates strong neighborhoods is defined by the total variation distance be-
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tween the joint distributions,
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A distance that generates weak neighborhoods for conditional densities can be defined similarly
(an explicit expression for the distance generating weak topology can be found in Billingsley
(1999)). Equivalently, one can define a weak neighborhood of fy € F as a set containing a set
of the form

U:{fe]-“:‘/giffg—/gifofé” <ei=1,2.. k)

where g;’s are bounded continuous functions on ¥ x X.

For € > 0 define a Kullback-Leibler neighborhood of fj as follows

K(fo) = {f € F: /1 fo /log Jo ;j||x e ((;E))dFo(y,a:) < 6}.

Similarly defined integrated total variation and Kullback-Leibler distances for conditional den-

sities were considered in Ghosal and Tang (2006) and Norets and Pelenis (2009).

Since we are interested only in conditional distributions, we specify a prior on F. The cor-
responding posterior given data (Xr,Y7r) = (x1,91,...,27,yr) is denoted by II(-| X7, Yr). In
order to apply posterior consistency theorems formulated for joint densities, we can think of a
prior II on F as a prior on the space of joint densities on Y x X that puts probability 1 on f{.
The posterior of the conditional density does not involve f§; fi plays a role only in the proof
of posterior consistency.

The following weak posterior consistency theorem is an immediate implication of Schwartz’s

theorem.

THEOREM 2.1.  IfII(K.(fo)) > 0 for any € > 0 then the corresponding posterior is weakly

consistent at fo: for any weak neighborhood U of fo,
H(U|YT,XT) — 1, a.s. F[?o

The proof of the theorem is exactly the same as the proof of Schwartz’s theorem and its
implications (see Ghosh and Ramamoorthi (2003) for a textbook treatment).

For showing strong posterior consistency we will use a theorem from Ghosal et al. (1999).
To state the theorem we need a notion of the Li-metric entropy. Let A C F. For § > 0, the
Li-metric entropy J(d, A) is defined as the logarithm of the minimum of all k£ such that there
exist fi,..., fr in F with the property A C U¥_,{f : [|f — fi|f& < 6}.
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THEOREM 2.2.  Suppose II(K(fo)) > 0 for any e > 0. Let U = {f : [|f — folf§ < €}. If
for given € > 0 there is a § < €/4, c1,c0 > 0, B < €2/8 and F,, C F such that for all n large

enough:

1. II(F5) < c1 exp{—can} and
2. J(0,Fn) < pn,

then II(U|Yr, X1) — 1, a.s. F§°.

The proof of the theorem is exactly the same as the proof of Theorem 2 in Ghosal et al.
(1999). In the following sections we use these weak and strong posterior consistency theorems

to demonstrate consistency for countable covariate dependent location-scale mixtures.

3. Kernel mixtures with variable number of components. Consider the following
model for a conditional density,

S K (=Qjl |z — g511*) oy, pj, o)

Yt aiK(=Qillz — ¢il?) ’

where ¢(y, 11, 0) is a fixed symmetric density with location p and scale o evaluated at y and K(.)

p(y[x,&m) = (31)

is a fixed positive function, for example, K(-) = exp(-). The prior on the space of conditional
densities is defined by a prior distribution for a positive integer m (the number of mixture
components) and ¢ = {Qj, 15,05, ¢, ;}52 € © = (Ry XY x Ry x X x (0,1))™, where Q; €
Ry, puj €Y,0;€ Ry, q; € X, and a; € (0,1). Also, let 01, = {Qj, 115,05, ¢;, ;71 and note
that p(y|x, 8, m) = p(y|z, 01.m, m). In a slight abuse of notation II(-) and II(:| X7, Y7) will denote

the prior and the posterior on the space of conditional densities and on © x {1,2,...,00}.
3.1. Weak consistency. We impose the following assumption on the data generating process.

ASSUMPTION 3.1. 1. X =[0,1]% (the arguments would go through for a bounded X ).
2. fo(ylx) is continuous in (y,x) a.s. Fy.

3. There exists r > 0 such that

folylx)
/ O Ry el Folel) O E) <O (3:2)

Condition in (3.2) requires logged relative changes in fo(y|z) to be finite on average. The
condition also implies that fo(y|x) is positive for any 2 € X and y € R. The condition can be
modified to accommodate bounded support, see Norets (2010) (this generalization is not pursued

here to simplify the notation). Norets (2010) shows that Laplace and Student’s ¢-distributions
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with covariate dependent parameters as well as nonparametrically specified data generating
processes satisfy this assumption.

We also make the following assumption about the location-scale density ¢.

ASSUMPTION 3.2. 1. ¢y, m,0) = o~ W ((y—p) /o), where 1(z) is a bounded, continuous,
symmetric around zero, and monotone decreasing in |z| probability density.

2. For any p and o > 0, log ¢(y, p, o) is integrable with respect to Fy.

A standard normal density satisfies this assumption as long as the second moments of y are
finite. A Laplace density also satisfies this assumption if the first moments of y are finite. The
condition seems to imply that to estimate fo(y|z) by mixtures one needs to mix densities with
tails that are not too thin relative to fo(y|x).

We also make the following assumption about the kernel K ().

AsSSUMPTION 3.3.  The kernel K (-) is positive, bounded above, continuous, non-decreasing,
and has a bounded derivative on (—oo,0]. The upper bound can be set to 1 and, thus, 1 > K(z) >

0 for z € (—00,0]. Also, we assume n%/2K(—=2n)/K(—n) — 0 as n — oco.

An exponential kernel K(z) = exp(z) satisfies the assumption. The following theorem is a

generalization of Proposition 4.1 in Norets (2010).

THEOREM 3.1. If Assumptions 3.1-3.3 hold then for any € > 0 there exists m and 01.., =
{Qja/ijaffj,qg‘,aj}gnzl such that

fo(y|z)
log ———————dF
/ ([, Oy ) 100 ) <€

The theorem is proved in the Appendix. The intuition behind the proof is as follows. For
a fixed z, the conditional density can be approximated by a finite location-scale mixture. The
mixing probabilities in the approximation depend continuously on z. These continuous mixing
probabilities can be approximated by step functions (sums of products of indicator functions and
constants). The indicator functions in turn can be approximated by K (-), which gives rise to an
expression in (3.1) after a normalization. The following corollary shows that the approximation

stays good in a sufficiently small neighborhood of #1.,.

COROLLARY 3.1. Suppose Assumptions 3.1-3.3 hold. Then, for a given € > 0 there is m and

an open neighborhood ©™ such that for any 0., € O™,

Jo(ylz)
1 F .
/ og y‘x 91 I )d O(yvm) <e€
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PrROOF. By Theorem 3.1, there exists m and él:m such that
/lg ylo) dFy(y,x) < €/2.
y\l‘v Lim, TT0)
For any 61.p,,
/log fo(ylz) /log foly|z) oy, —i—/log ylz, Brm, )dFo(y, 2).
(ylz, O1.m, m (y|2, 01.m, m (ylx, O1:m, m)

The first part of the right hand side of this equality is bounded above by €/2. It suffices to show
that the second part is continuous in 6., at él:m- Let 07, be a sequence of parameter values
converging to some 1., as n — oo. For every y, p(y|z, 01.m, m)/p(y|z, 07, ,m) — 1. The result
will follow from the dominated convergence theorem if there is an integrable with respect to Fy
upper bound on |log p(y|z, 67, m)|. Since 07, — O1.pm, py € (u, ) and of € (¢,0) for some

finite p, @i, ¢ > 0, and @ for all sufficiently large n. From Assumption 3.2,

VO | rmgn ) > Mo WECEE) g V() + L A
= L, V1:m) Z .

(3.3)

Ql

el
The upper bound in (3.3) is a constant and the logarithm of the lower bound is integrable by

part 2 of Assumption 3.2.
O

The corollary combined with a prior that puts positive mass on open neighborhoods essen-
tially states that the Kullback-Leibler property holds: the prior probabilities of the Kullback-
Leibler neighborhoods of the data generating density fo(y|z)f§ (z) have positive prior probabil-
ity, where the prior on the density of  puts probability one on f§ and the prior for conditional
densities is defined by II introduced above. By Theorem 2.1, the Kullback-Leibler property

immediately implies the following weak posterior consistency theorem.

THEOREM 3.2. Suppose

1. Assumptions 3.1-3.3 hold.

2. For any m, 01.,, and an open neighborhood of 61.,,, O™, H(él;m € 0™ m)>0.

Then for any weak neighborhood U of fo(y|x),

H(U|YT,XT) — 1, a.s. FOOO
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3.2. Strong consistency. A natural way to define a sieve F,, on F for application of Theorem
2.2, for which bounds on prior probabilities II(F¢) can be easily calculated, is to consider
densities p(y|z, 0, m) where m and 6 are restricted in some way. To obtain a finite values for
the Li-metric entropy one at least has to restrict components of # to a bounded set. Thus, let

us define
Fn :{p(y|9:,9,m) : |Mj| < Ty, Qj < @na o, <05 < 0p, 1<7<m, m< mn}

We calculate a bound on J(0, F,,) in the following proposition.

PROPOSITION 3.1.  Suppose Assumptions 3.2 and 3.3 hold. Then

J(0, Fpn) < my, (log [bogn + by log ? + 1| + by + by log Q,, + by log K(—Qndx)> (3.4)

Yn Yn

where by, by, ba, by, and by depend on & but not on my,, Q,,, f,, On, and a,,.

A proof is provided in the Appendix. In addition to addressing the case of covariate depen-
dent mixing probabilities, the proposition shows that the entropy bounds derived in Ghosal
et al. (1999) and Tokdar (2006) for mixtures of normal densities hold for mixtures of general
location-scale densities. The next theorem formulates sufficient conditions for strong posterior

consistency.

THEOREM 3.3. Suppose

1. A priori (puj,05,Q;) are i.i.d. across j and independent from other parameters of the
model.
2. For any € > 0, there exist § < €/4, f < 62/8, positive constants c1 and ca, and sequences

Mp, Qp,s Ty 0n T 00 and o, | 0 with &, > a,, such that
mp [IL(| ] > 12,) 410, > 05)+ (0 > 7,)+I(Q; > Q,,)]+II(m > my,) < c1e” ", (3.5)

M, <1og [bogn + by log % 1| + by +b3log @, + by log K(—Qndx)> <nB,  (3.6)

=n =n

where b; are defined in Proposition 3.1.

3. Conditions of Theorem 3.2 hold.
Then the posterior is strongly consistent at fo.
Theorem 3.3 is a direct consequence of Theorem 2.2. Possible choices of prior distributions

and sieve parameters that satisfy the conditions of the theorem are presented in the following

example.
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EXAMPLE 3.1.  Consider K(z) = exp(z). Letii,, = \/n, 0,, = 1/\/n, o, = €", and Q,, = V/n.
Then condition (3.6) is satisfied for m, = cy/n, where ¢ > 0 is a sufficiently small constant.
Neat let us choose prior distributions for (u;,05,Q;) so that condition (3.5) holds. For a normal
prior on ;, H(|pi| > F,) < c1e™®" for some c¢1 and c3. For an inverse gamma prior on oj we
will show that I1(a,, > o;) +1I(0; > 7,) < c1e” " for n large enough and some c1 and ca. For

n large enough

1/n 00
(o2 > o; e H(U > 2) = const - (/ e e BlE gy 4 /2 m_o‘_le_ﬁ/rdx>
0 e=n

1/n 50
< const - / (1/71)70‘71676/(1/”)611-_'_/2 gy
0 o2n
= a,—Bn —2an —nesy
= const - (n e +e /a) < cre ,

as desired. Let m = |m] and choose a Weibull prior with shape parameter k > 2 for m and Q;,
then (3.5) is satisfied. Alternative choices of prior distributions and sequences are possible as

well.

4. Kernel stick breaking mixtures. For a location-scale mixture model to have a large
support the mixing distribution has to have infinite and at least countable support. In the
previous section, we defined countable mixtures by specifying a prior on the number of mix-
ture components that has support on positive integers. Estimation of such models by reversible
jump MCMC methods is feasible (Green (1995)); however, it could be complicated. A popular
alternative for countable mixtures is Dirichlet process prior mixtures. A stick-breaking repre-
sentation of the Dirichlet process introduced by Sethuraman (1994) proved to be especially
convenient for specifying countable covariate dependent mixtures. In this section, we consider

kernel stick-breaking (KSB) mixture introduced by Dunson and Park (2008),

p(ylz,0) = Zm (ﬂj‘”) (4.1)

7—1

mi(x) = oK (=Qslle — ¢;l ) [T {1 — K (~Qullz — @l }

=1

where 0, K, and ¢ were defined in Section 3. Even though mixing probabilities 7;(z) look quite
different from the mixing probabilities of KMs in (3.1) we show in the following proposition

that KSB mixtures can approximate KMs.
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PROPOSITION 4.1.  For any m, 65M € ©, and € > 0 there exists %58 € © and n such that

where p(y|x, Oxnr, m) is defined in (3.1) and p(y|x,0{§§B) is a truncated version of (4.1),

Pl 85) = St ()

The proof of the proposition is in the Appendix. Using this approximation result, we obtain

weak and strong consistency in the following subsections.

4.1. Weak consistency. To show that a KSB mixture is weakly consistent we will prove that

the KL property holds.

PROPOSITION 4.2. Suppose Assumptions 3.1-3.8 hold and for any n, 01.,, and an open

neighborhood of 61.,, ©", (0., € O") > 0. Then for p(y|z,0) defined in (4.1) and any e > 0

fo(ylz)
II (9 : /logidFo y,x) <e| >0.
plyle. 00
PRrROOF. By Theorem 3.1 there exists m and 85 € © such that

/ log( fo(ylz) /p(ylz, 05 m))dFy(y, z) < /2.

By Proposition 4.1 there exists n and %58 such that the left hand side in (4.2) is smaller
than e/4. From the arguments in Corollary 3.1 it follows that the left hand side in (4.2) is
continuous in #f3B. Therefore, there exists an open neighborhood of A58 @, such that for
any 0555 ¢ @»

/log Y|z, 05M ) p(yle, 05SBY)dFy(y, x) < €/2.

Let 9K5B = (RSB H,Ifffoo) € ©, where 8858 ¢ @™ and 95 'SP is an unrestricted continuation

of §XIB. Since p(y\w,éKSB) > p(yla, 0F55),

fo(y|z) m)
/log y|l‘ KSB /log y|a: HKM m ya +/10g QKSB) dFO(ya )
< €.
By the proposition assumption H(é{g:?B € O™) > 0 and the result follows. O

By Theorem 2.1 the Kullback-Leibler property implies the following weak posterior consis-

tency theorem.
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THEOREM 4.1. Under the assumptions of Proposition 4.2, for any weak neighborhood U of

folylz),
H(U|YT,XT) — 1, a.s. F[SX)

4.2. Strong consistency. To apply Theorem 2.2 we define sieves as follows. For a given § > 0

and a sequence m,, let
Fn = {p(y|x,9) : ’:U’j| < Ty, Qj < Qna g, <05 < 0p, Jj=1,...,my, sup Z 77] ) < 5}
zeX ;
Jj=mnp+1
The restriction on the mixing probabilities in the sieve definition is similar to the one used by

Pati et al. (2010). We calculate a bound on the metric entropy of F,, in the following proposition.
PROPOSITION 4.3.  Suppose Assumptions 3.2 and 3.3 hold. Then

J(46, Fp) < my, <log {bo“” +brlog 2% 41| + by + b3 log @, + by log mn> . (4.3)
ag

Zn Qn

where by, by, ba, b3, and by depend on & but not on n, m,, Q,,, f,, on, and c,,.

A proof is given in the Appendix.

The next theorem formulates sufficient conditions for strong consistency.

THEOREM 4.2. Suppose

1. A priori (o, pj,05,Q;) are i.i.d. across j.
2. For any € > 0, there exist 6 < €¢/16, 3 < €2/8, constants c1,ca > 0, and sequences my,,

@n, A, On T 00, and g, | 0 with &, > g,, such that

o [(l] > 7,) + (e, > o) + (05 > 7) +T(Q; > Q)] (4.4)
+ 1T | sup Z mj(x <crem ",
(log [bg +b log =+ 1] + by + b3log Q,, + by log mn> <np, (4.5)

where by, b1, ba, b3, and by are defined by Proposition 4.5.
3. Conditions of Theorem 4.1 hold.

Then the posterior is strongly consistent at fo.
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Theorem 3.3 is a direct consequence of Theorem 2.2 and Proposition 4.3. The difficulty in
verifying the sufficient conditions of the theorem arises in finding a prior distribution and sieve

parameters that satisfy the requirements that

IT (sup Z mj(x) > 5) < cre "

and m,, log Q,, < nfB for n large enough as this requires delicate handling of mixing weights and

prior distributions. Observe that 3272, . m;(z) = [} (1 — oy K (—Qjl|z — gjl|?)) and thus

IT (Sup i mi(x) > 6) <II (nﬁ(l — oK) > 5) , (4.6)

TEX j—m,+1 j=1

where K; = K(—Qjd,) < K(—Q,||z — g;]|*)). The following lemma describes priors for «; and

Q; that imply an exponential bound on the right hand side of (4.6).

LEMMA 4.1. If prior distributions of o and K; = K(—Qjdy) first order stochastically

dominate Beta(,1) for some v > 2, then

Mn
II (H(l — OzjKj) > 5) < 6_0'5m"10gm".

j=1
The lemma is proved in the Appendix. With the result of the lemma we are ready to present

an example of priors that satisfy the conditions of Theorem 4.2.

EXAMPLE 4.1. Suppose priors for p and o and sequences fi,,, c,, and &, are the same as
in Example 3.1 (normal and inverse gamma priors). Then for my, = cn/logn and Q,, = n’,
where ¢ and r are constants, condition (4.5) is satisfied for ¢ sufficiently small.

Condition (4.4) is satisfied if the prior distributions for K(—Qjdy) and o first order stochas-
tically dominate Beta(vy,1) for some v > 2 by Lemma 4.1 (note that for m, = cn/logn,
exp(—0.5m, logm,) < exp(—0.25¢n) for large enough n).

Ezplicit priors for Q; and o satisfying the sufficient conditions can be constructed for particu-
lar choices of K(-). For example, for K(-) = exp(-), a; ~ Beta(y,1) and Q; ~ Exponential(ydy),
which is equivalent to K; = exp(—Q;dy) ~ Beta(v, 1), satisfy conditions of Lemma 4.1. Also,

I(Q; >n") < cie™™ forr > 1.

5. Discussion. The regularity conditions on the data generating process assumed in prov-

ing weak and strong posterior consistency are very mild. The conditions require the tails of the
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mixed location-scale density not to be too thin relative to the data generating density. They
also require the local changes in the logged data generating density to be integrable.

Weak posterior consistency is proved under no special requirements on the prior for parame-
ters beyond conditions on the support (0 has to be in the support of the scale parameters and
the support of location parameters has to be unbounded).

Assumptions about the prior for the location and scale parameters of the mixed densities
employed in showing strong posterior consistency are similar under both types of mixing. They
are in the spirit of the assumptions employed in previous work on estimation of unconditional
densities. Examples of priors that satisfy the assumptions include normal prior for locations
and inverse gamma for squared scales commonly used in practice.

Although the parameters entering the mixing probabilities under the two types of mixing are
the same, the mixing probabilities are constructed differently. This seems to require different
priors for attaining strong posterior consistency under the two types of mixing. For kernel mix-
tures with variable number of components there are no restrictions on the constants multiplying
the kernels. For stick breaking mixtures these constants are assumed to have a prior that puts
more mass on values of the constants that are close to 1 (see Lemma 4.1). The inverse of the
scales of the mixing probability kernels may have thicker tails under stick breaking mixtures.
The prior for locations of the mixing probability kernels is not restricted under both types of
mixing, which is not surprising given that the space for covariates is assumed to be bounded.

It would be desirable to derive posterior convergence rates to get more insight into covariate
dependent mixture models. However, the techniques for deriving convergence rates are rather

different from the ones used in this paper. Thus, we leave this problem for future research.
6. Appendix.

PrOOF. (Theorem 3.1)

The theorem can be proved by exhibiting a sequence of m and 61, such that

/1 f“ y’ )dFo(y,x)—>0.

Since dky, is always non-negative,

fo(ylz) fo(ylz)
0</lo d,d;rg/lomaxl,—Fd,dx.
S5 y[w 91 s T ) ( Yy ) g { p(y!x,91;m,m)} 0( Y )
Thus, it suffices to show that the last integral in the inequality above converges to zero as m

increases. The dominated convergence theorem (DCT) is used for that. First, we demonstrate
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the point-wise convergence of the integrand to zero a.s. Fy. Then, we present an integrable upper
bound on the integrand required by the DCT. To define m and 6., we first define partitions
of Y and X.

Let A;-”, Jj =0,1,...,m,y, be a partition of Y consisting of adjacent half-open half-closed

3 m m
intervals AT", ..., A

with length h,, and the rest of the space Af'. As m increases the fine
part of the partition becomes finer, h,, — 0, and m, — oo. Also, it covers larger and larger

part of Y: for any y € Y there exists My such that
Vm > My, Cs (y)NAG =10, (6.1)

where Cjs_(y) is an interval with center y and half-length 6, — 0. It is always possible to
construct such a partition. For example, if Y = (—o00, 00) let A" = (—o0, — log my|U[log m,, 00),
AT = [—logmy+2(j—1)log my/my, —logmy+2jlogmy/my) for j # 0, and hy, = 2logmy, /my.

Let B]", ¢ =1,...,m, be equal size half-open half-closed hypercubes forming a partition of
X = [0,1]%. Note m = (my + 1) - my. The partition becomes finer as m increases, \(B/") =
m;! — 0, where X is the Lebesgue measure. Let ¢/ denote the center of BI™.

Taking into account that Z;n:yo Fo(A|gi") = 1, define m and 6y, as follows,

p(ylz,0,m) =
S [ 52 Fo(AT g/ oy, 1", om) + Fo(AGlgi™)6(y, 0,00)| K (=Q™ |z — ¢f"|1?)
Y K(—-Q™||z — ¢™[]?) ’

where oy is fixed, o, converges to zero as m increases, and uj* is the center of A’". One can

always construct a partition A7* so that
Om =0, 0y /0m — 0, hy/om — 0, (6.2)

for example, in the example from two paragraphs above let o,,, = h%:> and §,, = h%:2.
Also, under Assumption 3.3 it is always possible to define a positive diverging to infinity
sequence Q™ and a sequence s, (the squared diagonal of B]") satisfying

K(_2Qm3m)
K(—Qmsy)sm!?

0, Sm = doA(BM™)2/% 0. (6.3)

For example, one can set Q™ = s;.2. This condition specifies that Q™ should increase fast
relative to how fine the partition of X becomes.
Define IT*(z, 8) = {i : ||g" — z||* < 285} and 15 (2, 8) = {i : ||g" — z||* > 25,,,}. Since sy,

is the squared diagonal of B}, there exists i € I7"(z, s,) such that,

K(=Q™[lz = g"II*) > K(=Q"sm). (6.4)
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For all i € I5*(x, $im),

K(=Q"[lx —q"|]”) < K(-2Q"sm). (6.5)

Note that

Ziel;n(x,sm) K(-QM||lz — q;n”2)
Sk K(=Qm|x — g*||?)
_— Yier(zsm) K (—Q™ |z — af"|*)
N 2 i€ (,5m) K(=Q™||z — q"[|?)

L card(I5"(z, sm)) K (—2Q™ sm)
N K(=Q™sp)

(6.6)

K(=2Q™sy)

Z 1- d;;ll/Q ’
K(—Qmsm)sdm””/2

where the second inequality follows from (6.4) and (6.5). The last inequality follows from
card(I15"(z, spm)) < my = da/2 g dn/2
For i € IT*(z,sm) and AT' C Cj,, (y),

inf f(z]t). (6.7)

1
2605, (y), |[t—=||*<2sm

F(AT|2") > AT

Inequalities (6.6), (6.7), and Lemma 6.1 imply that p(y|x, 8, m) exceeds

—O™||lx — g™ 2
Y Y R EC ”>)¢<y,uyzam>

— — 2
J:ATCCp (v) 1E€TT" (,5m) > K(=Qm|x — g

> in en

2€C5,, (v), |[t—z|[*<2sm

1_6w(0)hm_2/oo ¢(M)dﬂ .
Om Om/om

By (6.2) and (6.3), given some €; > 0 there exists M; such that for m > M; the product in
the last line of (6.8) is bounded below by (1 — ¢;).

K(—Q™sp)

1 — dd=/? :
K(—Q”Ksyn/?)sflff/2

(6.8)

If fo(y|x) is continuous at (y,z) and fo(y|z) > 0 there exists My such that for m > Moy,

[fo(y\fﬂ)/iﬂfzec&m(y), llt—a||2<2sm Jo(2[t)] < (1+€1) since 0y, 8y — 0. For any m > max{My, Ma}

f(ylz)

1 <max{1 fO(y’x) < 1+61
- "p(yle,0,m)

} < max{1, - <
lanEC',sm(y), [[t—=||2<28m f0(2|t)(1 - 61) l—e

Thus, log max{1, fo(y|z)/p(y|lx,0,m)} — 0 a.s. F as long as f(y|x) is continuous in (y,z) a.s.
Fy (fo(y|z) is always positive a.s. Fp).
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Let us derive an integrable upper bound for the DCT:

p(y|x,9,m)2 1_diml:c/2 K(_2Q 82)/2
K(_Qmsm)snf
(ot gl Ay, i, 1)
[|z—yl|<r, [[t—z||<r j:A;”CCr(y)ﬂ(Agl)c
(6.9)
4 1 m (y) - inf ) - MCr(y) N AT (y, 0, )
Ap(y) ||z7y‘|§1r{1|lt7w”9fo(2\) (Cr(y) N Ag")¢(y, 0, 00)

For any m larger then some Ms, the Riemann sum in (6.9) is bounded below by 1/4 (by Lemma
6.1) and
K(_2Qm5m)

1 — dd=/?
K(—Qmsp)si’”

121/2

(by (6.3)).
Choose og so that for y € Aj*, 1 > 1/4 > MNCr(y)NAG)P(y,0,00) > r¢(y, 0, 00), for example,
oo = 8r1(0). Then

log max{1, p(y|z, va)} < logmax{l, inf .y 1<r, [|t—a||<r fo(2]t) - §(y, 0, 00) - (T/Q)}
1 fO(y|x)

max{(y,0,00)(r/2),

=108 0 0.00)(r/2)

< —log(o(y,0,00)(r/2)) + log

inf\lz—yHSTv [[t—z||<r fO(z|t)

foly|z)
_ 6.10
inf.—y||<r, t=alj<r Jo(2[t) .

The first expression in (6.10) is integrable by Assumption 3.2 part 2. The second expression in

(6.10) is integrable by Assumption 3.1 part 3. Thus the proposition is proved. O

ProoOF. Proposition 3.1.

The proof generalizes the ideas from Ghosal et al. (1999), Theorem 6 and Tokdar (2006)
Lemma 4.1 to general location scale densities and covariate dependent mixing weights.

Suppose fi1, f2 € Fn. We would like to find the restrictions on the parameters 6 = {Q;, ,u;'-, aé, q;, aj- oy
for i = 1,2 such that [|fi(y|z) — fa(y|z)|dy f§(z)dx < 6. For notational simplicity let
K@l — gl

ity K (=Qbl|z — gjl[?)

m; ()
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Then for any given z € X

/ igla)  falylo)dy

m 2
g ()-S5
J 7=1 ] J
- / | Z mH (@)U} ) — w203 ) + w03 ) — ()0 ) ldy

j=1

< [ m@mio - o) |dy+/2\w (@) )y
=@ [ ) W+ 3 @) - <)
j=1 j=1

dy

where w;(y) = (O’;)_llﬁ((y - ,u;)/aé) We will construct bounds for [ |wj1 (y) — 1/)J2(y)|dy and

71 |mi(x) — w5 ()| separately. First, let’s find an upper bound for

Note that
Ik —p2
1 (y=ui\ 1 [y 1 [y
/ ol < ol ol o Ay =2 | wiu ;w ol dy
J J J J J J
\u;—u?\ 1 | 1 2’
3 Iu — M
<2 \ujl-fu?\ Td)(o)dy - 27!)(0) : 1 :
——5 0 9

Combining the two pieces together we find that

1 1 |M | 01'_02‘
) [1630) ~ vy < 3-rlte (oot o 7o),

g;
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Next step is to find an upper bound for 377, |7T]1(.CU) = 7rj2 (x)|. We introduce additional notation,
. . . . , o , o

where @' is a vector of normalized weights o, i.e. & = o}/ >3/% o, Kj(x) = K(=Qjl|z — gj|*)

and A;(z) = >, &;KJZ(ZE) Then for any x € X

Ui Uy 20 — m a;Kj(x) B aiK: (x) = a;Kj(x) _&?Kf(:p)
;' )=t )"J; Y oTes R S e 5 R D e
- AT Z ‘~1 K}(2)As(2) — 62K 2 (2) A1 (2) + @2 K2 (2) Az (z) — G2K? (x)AQ(x)‘
i1 I&}K}( )—?-K?( I T @K (x)|As () — Ai ()|
- A (z) Ay (2)Az(2)
j 105 @) = GG @) | |Aa(@) = Aia)
Aq(z) Aj(x)
T |6 K (z) — a3K3 (o) || X)L g K] (2) — 6K (2)]
Al(;c) Al( )
< g 21| K (@) — AR (@)| 3L 65K (x) — K7 (2) + & K7 (@) — 63K (@)
- Ay(z) B o1 G K ()
Tl K (z) - K (x) | Y0 |ag — &3| K7 ()
S D > AT I R S i et ]

1 ~ ~
< QW [ max ]Kl( Kf(w)]+]§]a; —04]2-|] .

Given any ¢ > 0 and any f* € F,, we want to ensure that there exists an ¢ such that f*, f;

satisfy

J 17wl = iwlo)ldy

IA
NE

J 7j
1 OK(~Qnds) | SK(=Qnds) | _ 4
K Q)| © 6 ]

1

<.
I

1 |H | O-i' 1 * 7 = ~% ~1
ﬂj(x) (21/1() ]0 +2 o ; ]>+2K(—dw) []nilax ]K( Kj(a:)|+j;|aj—aj

IN
[SCRSY)

+2

Let ¢ = min(6/12,1). Define o, = o,,(1+¢)", h > 0. Let H be the smallest integer such that
oy = 0,(1+ ¢) > &,. This implies that H < log(7,/c,)/log(1 + () + 1. Then for any h > 1,
2(on —op—1)/(op—1) < /6. Let N; = [(24v(0)/d)fi,/0j—1]. For 1 <i < Njand 1 < j < H,
define

_2m,(i—1) 2@,
Eij= |, + —"—" , iy + — X (oj-1,04].
17 < n N] n ]\[‘7 J J

Then if (p!, o), (42, 0%) € Eyj, then [2¢(0)|u! — p?| /ot +2(ct — 62)/0?] < §/3 as desired. Take
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En_y  —
5 a,C  log1+0) 2a,

:Coufn—l—qlog& +1,
o, o,

where cg, ¢; depend on 4, but not on f,,, 7, g,,. Hence the logarithm of the number of grid points
to bound Y70, 7w (2)(2¢(0)|uf — p| /ot 4+ 2(0) — 0})/ak) < §/3 is given by my, log(cofi,/c, +
c1log(an/a,) +1).

As shown by Ghosal et al. (1999), Lemma 1, the logarithm of the number N of vectors
(@', ...,a") needed to make Sy o —al| < 0K(—Q,d,)/6 for somei € {1,..., N} is bounded
above by my (1 + log[(1 + 6K (—Q,,d.)/6)/(6K(—Q,,d;)/6)]). This bound can be expressed as
mp(ca2 + c3log(K(—Q,,d;))) where cg,c3 depend on §, but not Q,,.

Finally, we need to construct a bound on the logarithm of the number of grid points for
{Q%, ¢}, so that there exists an i such that |K(-Q'|lz — q;||2) - K(=Qjllx — qj\|2)| <
5K (—Q,d,)/6. By Assumption 3.3, K’ is bounded above, K’ < K, then

da
K (=Qillz — gj|I*) = K(=Qjllz — ¢I)| < K (llz = ¢II")|Q; — Q51 + K'Qn Y 2(Jar — aly])
=1

I L GK(-Q,d)  6K(-Q,dy)  SK(-0,ds
<OR'4,Q, o oy — gyl + Kay]Q; — @) < HIne) | IRC O] OR(=Cude),

(6.11)

Hence the number of grid points for {Q); ;71:"1 is determined by ensuring that there exists an ¢ and
Q' such that |Q%—Q}| < (6K (-Q,dy))/(12K'd,). Since Q' € (0,Q,,), therefore the logarithm of
the number of grid points is bounded above by m,, (log(@Q,,) —log(K (—Q, dy)) +log(12K dy /5)).
Similarly, we want to ensure that there exists an 7 such that QF,dman maxj—i . d, |t — q§7l| <
§K(—Q,d;)/12. Since g; belongs to the unit cube [0, 1]% the number of grid points for g; is
bounded above by [(24K d,Q,,)/ (8K (—Q,,dz))]% . Then the bound on logarithm of the number
grid points for {g;}72" is mpd.(log(24K'd, /) 4 log(@Q,,) — log(K (=Q,d.))). The joint bound
on possible grid points for Q and q is given by m,,(cs + c5log(Q,,) + ¢ log(K (—Q,,d;)) where

c4, c5, cg depend on &, but not on Q,,.
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Combining all the pieces together we get that

J(6,Fn) < mylog <COZ” + c1 log ? + 1)

=n =n

+ min(c2 + c31og(K(—Q,dy)))

+ my(ca +cs IOg@n + ¢ log K(_and$))

< mp <10g [bogn + by log In + 1] + by + b3 log(Q,,) + by log(K(—QndI))>

=-n Qn

where bg, b1, ba, b3, by do not depend on the parameter 8 values. O

ProoOF. Proposition 4.1.
Let the parameters associated with KM be 05M = {«;, Q;, qjs My, 05 )7y For 6 € (0,1) and

a large integer M to be determined later let the parameters for KSB mixture be

KSB
elmM {a35 Q]7QJ7ﬂj;U]}] 1 XX {aj(sv Qj:CJjnu'j,O—j};'nzla

So that Gf(;?ﬁ/[ is given by M repetitions of 05 (except a;’s are multiplied by ). For brevity

let Kj(z) = K(-Qjl|lz — g;][*). Then

N-M
p(ylz, 050 = D 00 K;(x) [[{1 — ed Ki(2)} 6(y. g 07)
=1 I<j
M m ’ ’ m h—1
=2 (Z (Y, 115, 05) 00 K5 () [T(1 = cwd Ko (= H (1- aiéKi(x))]
h=1 \j=1 1<j i=1
m M m h—1
— (Z Oy, 1y, 05) 00K () [(1 — cwd Ky ) > [H (1- aiéKi(:n))]
J=1 1<j h=1 Li=1
YT oy pgs 05) a0 K () [T (1 — aid Ky () [ m 1M
== 1— 17,1 — aiéKi](m)) 1- _i:Hl(l - aiéKz(w))_
X Oy 1y, 03) 00 K (@) Ty (1 — awd Ko@) (0 [y, o 1M
T S 00K (0) iy (1 — ad K (2) L | IT0 - ewdkie)
721 Ay, g, 040 K () [T (1 — aud K () [ m 1M
> Tt ok o )
> (Y, pyy o) 0 Kj(x) m M
- > ;ﬂ}fj(jx) ] ([1 -0 max_ag]" ) (1 - LHl(l—az‘fSKi(x))] )

m M
- p(y|x70KM7m) ([1 -0 ‘IlllaX aj]m> (1 - lH(l - azéKz(w))] ) ’

J=L4...,m i=1

where the equality in the fifth line follows by induction and we used the fact that K(-) <1



22 A. NORETS AND J. PELENIS

Let § < (1 —exp(—€/(2m)))/maxj—1, . m e , then [1 — dmaxj—1,__mo;]™ > exp{—e/2}.
There exists j such that a; > 1/m and by Assumption 3.3 K;(z) > K(—Qd,) for any z € X,

where Q = max;j—1,..m ;. Therefore,

ﬁ(l — o0 K;(z)) <1 - SK(~Qdy)

=1 m

For M > log(1 — e~/2)/log(1 — (6K (—Qd,))/m) the following is true

m M — M
(1 - lH(l — aiéKi(m))] ) >1-— (1 - (SK(;de)> > exp{—€/2}.

=1

Thus, log(p(y|z, 05 m) /p(y|z, 0555,)) < € and the proposition claim follows.

PrOOF. Proposition 4.3.

For f1, fo € F, the following is true

11 = foll1 < //Z‘ O(y; 1}, 7)) = w3 (@)By: 13, 07)| dy f5 (@) da
§/){L§ﬂ}(x)]¢(y;u},a})—¢(y 1o j)‘dyfo( )da

; ﬂf)‘ O(y; 13,07 )dy f§ () da

+ [ Z m}(@) = w @) f§ (2)da

J=mn+1

S/XZW}(HE)/YIQS(%M}?U})—¢>(y,uj, j)’dyfo( )da

+ZH7T —7r2|!1+sup Z 7} ()] + |5 ()]

jm+1

</X;7r}(fv)/y‘¢(y;u},a})—¢(y 1o ])’dyfo( )da

Mn
+ > |lmj =73+ 26,
7j=1

where last inequality is true by construction of F,, as sup,cx Z] —mnt1 T Hax) <.

We need to define a grid { f;} on F,, so that for any f* € F,, there exists f; in the grid such that
|| £*—fill1 < 49, where f; is determined by (u?, 0%, af, Q*, ¢*). It was shown in Proposition 3.1 that
the part of the entropy corresponding to [y |¢(y; ué, O‘;) —¢(y; 1}, 07)|dy, (the log of the number
of unique values of (1, ¢*) in the grid) can be bounded by m,, log[boT,, /o, + b1 log(Tn/a,,) + 1].
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Let mj(z) = a; Kj(z) [[;<;(1 — au Ki()). We need to find a bound on the number of unique
(a, Q% ¢%) so that pRiic) |l — w¥[|1 < 4 for some . If |o K (z) — o K7 (x)| < 6/m3,

7l (2) = 72()| = ol K} (@) [T(1 — ol K} (@) — 2K 2(2) [[(1 - a2 K2(a))]

1<j 1<j
< |0¢]1Kj1( —a2K2 |H (1—alK} +a2K2 ]H (1-alK}(z)) - H( — a?K2(z))|
i<j i<j i<j
< oK (2) = of Kj ()| + | TI(1 = 0d K (@) = [[(1 = af K7 (2))]
i<j 1<j
0
<t zﬂﬂjﬁ_m
From this inequality, > H?T -7l <dif ]a K’( )—af K (z)] < §/m?. Note that |a}K}(x)—

oG K (z)| < \aj —aj|+ |K]1(m) — K ()], therefore we consider bounding |a]1- —aj| and |K]1(x) -
K% (x)| by 6/(2m?,). Hence, a bound on the number of unique o’ in the grid can be determined
by the requirement that | — o[ < §/(2m2) for any o* and some i. As a; € (0,1), the log of
the number of unique o' in the grid is bounded above by m,, log(2m2/§). Finally, we need to
find a bound on the log of the number of unique (Q’, ¢") in the grid so that |K (—Q%||z — ¢}||*) —
K(-Qjllz — qj|| )| < §/(2m2) for some i. Replacing 6K (—Q,,d;)/6 with 6/(2m2) in (6.11)
(proof of Proposition 3.1), we can bound the log of the number of unique @* by m,,(log(@,,) +
2log(my,)) + log(4K'd,/8)) and the log of the number of unique ¢¢ by mydy(log(8K'd,/8) +
log(Q,,) + 21og(my)). Thus, the bound for (Q?, ¢%) is given by m,,(cs + c510g(Q,,) + c6 log(my,))
where ¢4, ¢35, cg depend on §, but not on @n or Mmy,.
Combining all the pieces together we find that

J(45, F) < min <log [bog’” S bylog 7% 41| 4 by + by log(Q,,) + by log(mn)> .

Yn Qn

Proor. Lemma 4.1.

First, we will prove a secondary result that will be used later. Suppose that a, b i Beta(~,1)
for v > 2, then a-b first order stochastically dominate Beta(1, «) distribution for v > « > 2. To
prove this we need to show that Pr(a-b < z) <1—(1—2)®. Since a, b i~ Beta(, 1), therefore

—loga,—logd i Exponential(y) and —loga — logb ~ Gamma(2,1/7).

Pr(a-b<z)=1— Pr(—loga—logbh < —logz)

~vlog z
:1—/ te~tdt = 27(1 — vylog 2).
0
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Then the desired result follows from
A(z)=(1—=2)"+27(1 —~logz) <1 (6.12)

for all z € [0,1] and v > a > 2. To check the inequality (6.12) first verify A(0+) = A(1) = 1.

Second, A’(z) = 0 gives log z = a(1 —2)*"1/(—y227~1) and after plugging in this value for log z,
A(z) < max{1,27 + 2(1 — 2)* Na/y + (1 — 2)°} < max{1,14 2% - 2} < 1.

Another auxiliary result that will be used in the proof of the lemma is that if ¢ ~ Gamma(m, 1/a),

then Pr(c < z) < e~0-5m18™ for m large enough. For positive integer m,

[T amim—le=atqr [T pm—letqt m
Prc<z) =" m = 1) = =0 m = 1)1 < (az)™/m!

_ (az)™ .
= oxp fmlogm — m & O(log(m))} (by Sterling formula)

= exp {—mlogm + m + mlog(az) — O(log(m))}

exp(mlog(az) + m + O(log(m)))
exp(0.5m logm)

= exp(—0.5mlogm) < exp(—0.5mlogm)

when m is sufficiently large.

Using these two auxiliary results note that if o; and K first order stochastically dominate

Beta(~, 1) then for aj,ay s Beta(v,1), b; s Beta(1, ), and ¢ ~ Gamma(my, 1/a),

1I (ﬁ(l — ajKj) > 5)

j=1

5
= [O|aK <1- \a,K»,j;él)dH(a»,K»,ﬁu)
/ ( [ (1 —aK;) 7 e

1)
II|ajas <1— ’a~,K~7j7é1>dH(a~,K‘,j7é1)
/ < [ (1 — oK) 7 e

IN

0
§/H b1 <1-— o, Kig#£ 1) dll(eg, K, 7 # 1
(1 Hj;ﬂ(l*ajKj)’] ’ ) (ot )

=1I ((1 —b1) [J(1 = oK) > (5) (repeat for by, ..., bm,)
A

IN

I1 (ﬁ(l —bj) > 5) =1I (% —log(1l—b;) < —log(d))

j=1 j=1

=1II(c < —log(d)) < e~ 0-5mn logma
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LEMMA 6.1. Let Ay,..., Ay be a partition of an interval on R such that AN(A;) < h and

pj € Aj. Assume Cs(y) = [y — 0,y + 8] C UA; is an interval with center y and length §. Then

S A o o — ) fe) = 1= PO g [Ty,

i=1 o 5/o

<.

If Cs(y) = [y — 0,y] or Cs(y) = [y,y + 9] the lower bound in the above expression should be
divided by 2.

ProoF. Let J ={j: A;NCs(y) C [y —0,y]}. Forany j € J and pp € A;NCs(y), p—h <
as A(4;) < h and p; € Aj, which implies ¢(y, pj,0) > ¢(y, o — h, o). Therefore,

A N Cs )6 s 0) > [ Oy, 11— by o)dp. (6.13)

jes Ujes[4;nCs(y)]
Note next that

y—h y—2h

/ &y, —h,o)dp > / ¢y, —h,o)dp = / o(y, p, 0)dp
jes[A4;NCs(y)] y—o y—6—h

Yy Yy
> / ¢y, pyo)dp — / (Y, p, o)dp

y—a —2h

h
> /y cb(y,u,a)du—iQ ()
y—34 o

By symmetry the same results can be obtained for J = {j : 4; N C5(y) C [y,y + 6]}. Thus

o y+o 2h1)(0

> AMA; N Cs(y)b(y, pjs o) 2/ 5 ¢(y,u,a)du—2a()-

J=1 a
A change of variables delivers the claim of the lemma. O
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