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Abstract 

In recent years, very popular in modelling the durations between the selected events of 

the transaction process (trade durations or price durations) and modelling of financial market 

microstructure effects have become autoregressive conditional duration models (the ACD 

models) introduced by Engle and Russell (1998). The aim of the paper is to develop Bayesian 

inference for some augmented specifications of the ACD models. Different specifications of 

ACD models will be considered and compared with particular emphasis on Box-Cox ACD 

model, augmented Box-Cox ACD model and augmented (Hentschel) ACD model. The 

models with the Burr distribution and the generalized Gamma distribution for innovation term 

will be considered in the analysis. Bayesian inference will be presented and practically used 

to estimation and prediction of augmented ACD models describing financial durations. The 

MCMC methods including Metropolis-Hastings algorithm are suitably adopted to obtain 

posterior densities of interest as well as marginal data densities. The empirical part of work 

will include modelling of trade durations of selected equities from the Warsaw Stock 

Exchange. 
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Draft paper 

 

1. Introduction 

Over the past fifteen years, there has been a considerable amount of empirical research 

in financial market microstructure. This research has focused both on theoretical and on 

empirical models, on price driven and order driven markets, on the importance of information 

asymmetry between traders, on liquidity, on the role of information in trading process and on 

the interaction between participants of the markets. New perspectives for the empirical studies 

and analysis of financial market microstructure processes and effects have been made possible 

by the availability of financial data recorded on high-frequency level. The accessibility of 

financial transactions data has inspired a research area which over the last fifteen years  

emerged to one of the major areas in econometrics. The growing popularity of high-frequency 

econometrics is caused by technological progress in trading systems and trade recording as 

well as an increasing importance of intraday trading, optimal trade execution and liquidity 

dynamics. A major reason for the great academic (and also practical) interest in high-

frequency finance is that market structures and the process of trading are subject to changes. 

Transaction data, provided by various exchanges and trading platforms, make strong 

academic interest as they allow to analyze the impact of institutional settings on the trading 

process, price discovery as well as the market outcome and enable to study market dynamics 

and behavior of traders on the lowest possible aggregation level (see Hautsch (2012)). 

Monitoring asset prices as well as liquidity supply and demand on a maximally high 

observation frequency opens up possibilities to construct more efficient estimators, measures 

and predictors for price volatility and liquidity risks. Therefore, these issues require the 

development of econometric tools and models which are able to cope with specific data and 

tasks.  

The financial ultra-high frequency data (UHF data) called transaction data or tick-by-

tick data is defined to be a full record of transactions and their associated characteristics. The 

ultra-high frequency transaction data contain two types of observations. One is the time of 

transaction. The other is a vector of the quantities (the marks), observed at the time of 

transaction (price, volume). A key property of transaction data is the irregular spacing in time. 

The time intervals between subsequent transactions called trade durations can bring important 

content about the intensity of the information flow to the market. Moreover, the market 

microstructure papers by Diamond and Verrecchia (1987), Glosten and Milgrom (1985), 
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Hasbrouck (1988) , O’Hara (1995) and others emphasize that the waiting times between 

events of trading process such as trades, quote updates, price changes and order arrivals play a 

key role in understanding the processing of private and public information in financial 

markets. Hence, duration analyses may furnish information on the microstructure of the 

financial market, affording a more accurate insight into various market interdependencies. By 

using the tick-by-tick data it is possible to define almost any event of interest, and the 

corresponding duration sequence, not only sequence of trade durations. In recent years, very 

popular in modelling the durations between the selected events of the transaction process 

(trade durations or price durations) and modelling of financial market microstructure effects 

received autoregressive conditional duration models (the ACD models) introduced by Engle 

and Russell (1998). 

The aim of the paper is to present Bayesian inference to some augmented 

specifications of the ACD models. Different specifications of ACD models will be considered 

and compared with particular emphasis on augmented Box-Cox ACD model and Hentschel 

ACD model. The Burr distribution and the generalized Gamma distribution of innovation 

term will be considered in the analysis. Bayesian inference will be presented and practically 

used to estimation and prediction of augmented ACD models describing financial durations. 

The empirical part of work will include modelling of trade durations of selected equities from 

the Warsaw Stock Exchange. 

  

2. The ACD approach for durations 

Let  ,,,, 21 nttt  be a sequence of the arrival times of the point process, which are 

represented by the times of the financial events such as trades, quotes, etc. One common way 

of analyzing financial point process, point process that consist of arrival times of events 

linked to the trading process, is by modeling the process of durations between consecutive 

points. Let 1iii ttx  denote the duration, time spell between two events occurring at times 

1it  and it . Let i  denote the expectation of the duration conditional on all information 

available at time 1it . The idea behind the ACD model is a dynamic parameterization of the 

conditional duration mean: 

);,,();,,|();|( 11111 xxxxxExE iiiiiii  , 

where  denotes a vector of parameters and 1i  denotes the information set available at time 

1it . It is also assumed that the durations ix  are given by 
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iiix , 

where i  are the standardized durations and follow an i.i.d process defined on positive 

support with density function )( if  for i  and 1)( iE , see Engle and Russell (1998), 

Hautsch (2004), Hautsch (2012). Different types of ACD models can be divided either by the 

choice of the functional form for the conditional mean function i  (see Bauwens, Giot 

(2000), Hautsch (2001), Hautsch (2004), Fernandes and Grammig (2006)) or by the choice of 

the distribution for i  (see Lunde (1999), Grammig and Maurer (2000)).  

The basic ACD specification proposed by Engle and Russell (1998) relies on a linear 

parameterization of the conditional mean function 

q

j

jij

p

j

jiji x
11

, 

where 0,0,0 jj  are a sufficient but not necessary conditions for positivity of the 

process. This model is referred to ACD(p,q) model. Indeed, conditional duration is a function 

of previous observations and the previous conditional durations.  

The ACD model is widely viewed as the counterpart of the GARCH model for the 

time intervals between the individual transactions (trade duration data). Autoregressive 

specification of the ACD model allows for capturing the duration clustering between events 

of transaction process, ie. short (long) durations are followed by other short (long) durations, 

in a way similar to the GARCH model accounting for the volatility clustering, see Pacurar 

(2008). The attractiveness of the basic ACD models result from their simple specifications 

and, at the same time, the possibility of converting them into a popular econometric time 

series analysis tools, such as ARMA models and GARCH models. The ACD models are 

considered, moreover, as models of duration, for easy to estimation. In addition, they allow 

straightforward computation of the forecasts (in literature only point one-step-ahead forecasts 

are considered!). It should be noted that the basic specification of the ACD models may be 

too restrictive to properly describe financial duration processes. This gave rise to numerous 

extensions of the ACD models. Extensions of the ACD models are both associated with the 

improvement of the specification of the conditional duration equation (see Bauwens, Giot 

(2000), Hautsch (2001), Hautsch (2004), Fernandes and Grammig (2006)), and the use of 

different random distributions (see Lunde (1999), Grammig and Maurer (2000)). 
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3. Some remarks about ML estimation and proposition of Bayesian 

inference 

The statistical properties of the basic ACD(1,1) model are well investigated, see Engle 

and Russell (1998), Bauwens and Giot (2000). However, the properties of extensions of the 

basic ACD model are not well-known. In the case of ACD models the classical approach to 

inference about the parameters of models is based on the estimation by quasi-maximum 

likelihood method (QML method) or by maximum likelihood method  (ML method). 

Following the similarity between the ACD and the GARCH model, the results of Lee and 

Hansen (1994) and Lumsdaine (1996) on the QMLE properties for the GARCH(1,1) model 

are formalized for the EACD(1,1) model (the ACD model with the standard exponential 

distribution for i ) by Engle and Russell (1998). Under the conditions of their theorem, 

consistent and asymptotically normal QML estimates of parameters are obtained, even if the 

distribution of i  is not exponential. Moreover, a crucial and binding assumption for 

obtaining QML consistent estimates of the ACD model is that the conditional expectation of 

durations is correctly specified, see Pacurar (2008). In addition, it has to be taken into account 

that these results are based on the linear EACD(1,1) model and cannot necessarily be carried 

over and extended to more general cases, like nonlinear models. The QML estimation 

provides consistent estimates, but this comes at the cost of efficiency. In practice, fully 

efficient maximum likelihood estimates might be preferred, see Pacurar (2008). On the other 

hand, QML parameter estimates can be biased in finite samples. It is shown in Grammig and 

Maurer (2000). The authors perform Monte Carlo simulations and show that the QML 

estimation of the models may perform poorly in finite samples, even in large samples such as 

10000 – 15000 observations. As we see, the ML method does not guarantee in all situations 

that estimators are unbiased, efficient and consistent, see Grammig and Maurer (2000), 

Hautsch (2012). 

Thus, due to problems concerning the basic properties of the ML estimator in the case 

of ACD models, Bayesian inference seems to be not only a competitive approach, but also 

more formally justified. It is worth noting that in recent years, in addition to the dynamic 

development of financial econometrics and analysis of high-frequency data, it can be 

observed increased interest in Bayesian inference in empirical sciences (see for example 

Osiewalski and Pipień (2004a), (2004b)). Bayes theorem provides a convenient and versatile 

way of inference about the unknown parameters and latent variables. Bayesian methodology 
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provides inference tools to describe the uncertainty in strict probabilistic and non-asymptotic 

way. Strong interest in financial UHF data and the growing interest in ACD models and their 

use in modeling financial time series makes an attempt to present the Bayesian approach. 

Although in the literature, the ACD models are already established, these researches will be 

the first study on Bayesian inference for the whole class of the ACD models. To the author’s 

best knowledge such a Bayesian study has not appeared yet in the econometrics literature. 

This study will provide a creative contribution to the development of research on Bayesian 

ACD models. Moreover, application of the ACD models in the modeling of trading activity of 

stocks on the Polish market seems to be interesting and useful. 

 

4. Specification of the ACD models considered in the paper 

Different specifications of ACD models will be taken into consideration. The class of 

the ACD models contains various extensions of the basic linear ACD model allowing for 

additive as well as multiplicative stochastic components. Moreover, it contains 

parameterizations capturing not only linear but also more flexible news impact curves. In our 

empirical researches, the following specifications for the conditional mean function i  are 

considered: 

 

 a linear ACD model – ACD(1,1), see Engle and Russell (1998): 

11 iii x , 

where: 1,0,0,0 , 

 a logarithmic ACD model – LACD(1,1) that ensures the non-negativity of durations 

without any parameter restrictions, see Bauwens and Giot (2000), Lunde (2000): 

LACD1 
,ln)(ln

lnlnln

11

11

ii

iii

x
 

where 1 , 

 a Box-Cox ACD model – BCACD(1,1), see Hautsch (2001): 

121

11 iii , 

where: 0,0,10,0,0 21 , 

 an asymmetric logarithmic ACD model – AsLACD(1,1), see Fernandes and Grammig 

(2006): 
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111 ln)](|[|ln iiii bcb , 

where: 0b  and 1 , 

 an augmented Box-Cox ACD model – ABCACD(1,1), see Hautsch (2004), (2012): 

121

111 )](|[| iiii bcb , 

where: 1,0,0,0,10,0,0 21 cb , 

 a Hentschel ACD model – HACD(1,1), see Fernandes and Grammig (2006): 

1211

1111 )](|[| iiiii bcb , 

where: 1,0,0,0,10,0,0 21 cb . 

 

The standard ACD model assumes that the distribution of innovation i  is an exponential 

distribution with mean equal to 1. I consider the ACD specifications with more flexible 

innovation distributions: the Burr distribution and the generalized Gamma distribution. For a 

Burr distribution for innovations i , the conditional distribution of duration ix  required to 

calculate the likelihood function can be written as 

2

1
1

2

1 1);|(
i

i

i

i

i

ii

xx

x
xf , 

where 
1

1

111
1

1
12

2

 and 20 . On the other hand for a generalized 

Gamma distribution for innovations i , the conditional distribution of duration ix  can be 

written as 

i

i

p

i

i

i

ii

xx

p
x

xf exp);|( 1 , 

where 
p

p1

 and 0,p . 
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5. Bayesian inference for the ACD models 

All ACD models are estimated in the Bayesian framework. The aim of research is to 

obtain the posterior distribution. Obviously, the posterior distribution is proportional to the 

product of the likelihood and the prior density. In case of the ACD models which are taken 

into consideration, the posterior and the conditional posterior distributions have non-standard 

distributions, so it is impossible to use Gibbs sampling algorithm. Instead, the random walk 

Metropolis-Hastings algorithm is adopted to simulate from the posterior. As a proposal 

density, the multivariate Student-t distribution with three degrees of freedom and a fixed 

covariance matrix was used. 

The Bayesian methodology allows for the comparison and ranking of the models by 

Bayes factor or posterior odds. The Bayes factor for model iM  versus jM  is defined as 

)|(/)|( jiij MxpMxpB  which is the ratio of the marginal densities of the data of these 

models. For calculation of the marginal data density )|( iMxp  for model iM  we use the well-

known method of Newton and Raftery (1994) adapted by many authors. Estimator of Newton 

and Raftery is a harmonic mean: 

1

1
)(

)( )|(

11
)|(ˆ

N

q
q

ii

i
xpN

Mxp , 

where )|(
)(

)(

q

ii xp  denotes the likelihood for model iM , N  denotes the number of MCMC 

draws and 
)(

)(

q

i  is a q-th MCMC draw from the posterior. 

 

6. Empirical results - preview 

The empirical verification of the models presented above is carried out on the basis of 

time series involving trades in the shares of three companies listed in the main Polish index of 

the Warsaw Stock Exchange, the WIG20 index: media company Agora (AGORA), Polish 

Telecom (TPSA) and Polish bank PKOBP S.A. (PKOBP). The companies are chosen 

randomly but in a such way that they differ with respect to their stocks liquidity, their trading 

intensity. The analysis covers transactions closed during the continuous quotation phase. On 

the basis of such time series, durations between each transaction were determined. Durations 

are measured with an accuracy of 1 second. Additionally, the time lags between the close of 

the session and the opening of next day’s trading were removed or assumed to be equal to 

zero (this solution is frequently applied). 
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 I find some common properties that Polish market shares with foreign, developed 

exchanges. Polish trade durations display strong autocorrelation and overdispersion. As 

documented by Engle and Russell (1998), Bauwens and Giot (2000) and others, trade 

durations feature a strong time-of-day effect. Diurnal patterns of Polish trade durations are 

similar. The durations between transactions are markedly shorter after the opening and before 

the close of the session than at midday. The extent of trading activity between 12:00 a.m. and 

2:00 p.m. is noticeably less, due, amongst others, to the lunchtime effect. Therefore, I 

consider diurnally adjusted durations obtained by taking the ratios of the plain durations and 

diurnal factor. The intraday seasonality patterns are estimated as the Nadaraya-Watson 

estimator of regression of the duration on the time of the day, determined separately for each 

day of the week.    

My results of Bayesian inference are based on 2,000,000 states of the Markov chain, 

generated after 200,000 burnt-in states. Applications of MCMC simulations require 

monitoring convergence of the chain to its limiting stationary distribution, see Cowles and 

Carlin (1996), Osiewalski and Pipień (2004a). In my research it is used a simple tool that was 

proposed by Yu and Mykland (1994) namely CUMSUM statistics for the Monte Carlo 

estimates of the posterior means of individual parameters.  

The joint prior density of the parameter vector is a product of the prior densities of its 

components. The prior densities for the parameters of the conditional mean functions i  are 

independent normal N(0;25) or, if necessary, are set to be truncated normal N(0;25). The 

priors for the Burr distribution parameters  and 2  are set to be truncated normal N(0;25) 

with positive supports and the restriction 2 . The priors for the generalized Gamma 

distribution parameters  and p  are set to be truncated normal N(0;25) or N(0;100) with 

positive supports, respectively. 

Now I comment on some empirical results. Full empirical result will be presented during 

conference. Empirical analysis for Polish data showed that the best model for all equities (in 

light of the posterior probabilities) is the Box-Cox ACD model with a generalized Gamma 

distribution for innovations. The Lindley’s tests exhibit that all the coefficients are significant. 

The posterior means of parameter  are large and around 0.9-0.95 (it depends on equity). 

The posterior means of parameter  are rather small and around 0.05-0.10, so the effect of 

the last standardized duration 1i  is small. The Lindley’s tests exhibit also that all estimated 

parameters of the generalized gamma distribution are significant. The posterior means of 
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parameter  are  greater than 0 and smaller than 1. The posterior means of parameter p  are 

greater than 1. All estimated parameters of the Burr distribution are also significant. The 

posterior means of parameter  are greater than 1 and the posterior means of parameter 2  

are greater than 0. This exhibits that the generalized gamma distribution and the Burr 

distribution are much more appropriate for duration innovations than the exponential 

distribution. It must be said that the ACD models with the generalized gamma distribution for 

innovations definitely outperformed the ACD models with the Burr distribution for 

innovations. 

In ranking of the models the asymmetric logarithmic ACD model is on the second place. 

The Box-Cox ACD model with a generalized Gamma distribution is about 3 orders of 

magnitude more probable a posteriori than the asymmetric logarithmic ACD model. Needless 

to say, there are some problems with convergence of Markov chain in augmented Box-Cox 

ACD model and Hentschel ACD model. There are problems with identification of parameters 

b  and c  in both specifications. Therefore, the Box-Cox transformation in Box-Cox ACD 

model and the asymmetric response to shocks in the asymmetric logarithmic ACD model 

indeed work but it seems, to some extent, as a substitutes, do not work together like in 

augmented Box-Cox ACD model and Hentschel ACD model.  

 

7. Conclusions 

Empirical analysis for Polish data showed that the best model for all equities (in light of 

the posterior probabilities) is the Box-Cox ACD model with a generalized Gamma 

distribution for innovations. There are some problems with convergence of Markov chain in 

augmented Box-Cox ACD model and Hentschel ACD model. Especially, there are problems 

with convergence of Markov chain for parameters b  and c  in both specifications.  Moreover, 

the Box-Cox transformation and the asymmetric response to shocks indeed work but it seems, 

to some extent, as a substitutes. It seems that the Box-Cox transformation is sufficient and 

introduction to model the effects of asymmetry for the error term (augmented Box-Cox ACD 

model and Hentschel ACD model) seems unnecessary.  

The ACD models with the generalized gamma distribution for innovation definitely 

outperformed the ACD models with the Burr distribution for innovation. The generalized 

gamma distribution turned out to be much more flexible than the Burr distribution. Thanks to 

the Bayesian inference there were obtained the predictive distributions of time of apperance of 

k consecutive transactions (in the literature only talked about one-step-ahead forecasts). 



11 

 

Acknowledgements  

Research realised within a project no. UMO-2011/01/N/HS4/03092 financed by the 

National Science Centre in Cracow under decision no. DEC-

2011/01/N/HS4/03092. 

 

 

References 

[1] Bauwens L., Giot P., (2000), The logarithmic ACD model: an application to the bid-ask 

quote process of three NYSE stocks, Annales d’Économie et de Statistique, vol. 60, 117-

149. 

[2] Cowles M.K., Carlin B.P., (1996), Approximate Bayesian inference by the weighted 

likelihood bootstrap (with discussion), Journal of the American Statistical Association, 

91, 883-904. 

[3] Diamond D., Verrecchia R.E., (1987), Constraints on Short-Selling and Asset Price 

Adjustment to Private Information, Journal of Financial Economics, vol. 18, 277-311. 

[4] Engle R.F., (2000), The Econometrics of Ultra-High-Frequency Data, Econometrica, 

vol. 68, 1-22. 

[5] Engle R.F., Russell J.R., (1998), Autoregressive conditional duration: a new model for 

irregularly spaced transaction data, Econometrica, vol. 66, 1127-1162. 

[6] Fernandes M., Grammig J., (2006), A Family of Autoregressive Conditional Duration 

Models, Journal of Econometrics, vol. 130, 1-23. 

[7] Glosten L., Milgrom P., (1985), Bid, Ask and the Transaction Prices in a Specialist 

Market with Heterogeneously Informed Traders, Journal of Financial Economics, vol.  

13, 71-100. 

[8] Grammig J., Maurer K., (2000), Non-monotonic Hazard Functions and the 

Autoregressive Conditional Duration Model, Econometrics Journal, vol. 3, 16-38. 

[9] Hasbrouck, J., (1988), Trades, quotes, inventories and information, Journal of Finance, 

vol.  46, 179-252. 

[10] Hautsch N., (2001), Modelling intraday trading activity using Box-Cox ACD models,  

Discussion Paper 02/05, CoFE, University of Konstanz. 



12 

 

[11] Hautch N., (2004), Modelling Irregularly Spaced Financial Data – Theory and Practice 

of Dynamic Duration Models, Lecture Notes in Economics and Mathematical Systems, 

vol. 539, Springer, Berlin. 

[12] Hautch N., (2012), Econometrics of Financial High-Frequency Data, Springer, Berlin. 

[13] Lee S., Hansen B., (1994), Asymptotic Theory for the GARCH(1,1) Quasi-Maximum 

Likelihood Estimator, Econometric Theory, vol. 10, 29-52. 

[14] Lunde A., (2000), A Generalized Gamma Autoregressive Conditional Duration Model, 

Discussion Paper, Aarlborg University. 

[15] Lumsdaine R., (1996), Consistency and Asymptotic Normality of the Quasi-Maximum 

Likelihood Estimator in IGARCH(1,1) and Covariance Stationary GARCH(1,1) Models, 

Econometrica, vol. 64, 575-596. 

[16] Newton M.A., Raftery A.E., (1994), Approximate Bayesian inference by the weighted 

likelihood bootstrap (with discussion), Journal of the Royal Statistical Society, Ser. B 

56, 3-48. 

[17] O’Hara M. (1995), Market Microstructure Theory, Blackwell Inc., Oxford. 

[18] Osiewalski J., Pipień M., (2004a), Bayesian Comparison of Bivariate ARCH-type 

Processes for the Main Exchange Rates in Poland, Journal of Econometrics, vol. 123. 

[19] Osiewalski J., Pipień M., (2004b), Bayesian Comparison of Bivariate GARCH 

Processes. The Role of the Conditional Mean Specification [w:] New Directions in 

Macromodelling, red. A. Welfe, Elsevier, Amsterdam. 

[20] Pacurar M., (2008), Autoregressive conditional duration models in finance: a survey of 

the theoretical and empirical literature, Journal of the 22, 711-751. 

[21] Yu B., Mykland P., (1994), Looking at Markov samplers through CUMSUM paths 

plots: a simple diagnostic idea, Technical Report 413, Department of Statistics, 

Univeristy of California at Berkeley. 

   


